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Abstract
We provide an extension of the recently constructed double field theory formulation of the
low-energy limits of type II strings, in which the RR fields can depend simultaneously on
the 10-dimensional space-time coordinates and linearly on the dual winding coordinates.
For the special case that only the RR one-form of type IIA carries such a dependence,
we obtain the massive deformation of type IIA supergravity due to Romans. For T-dual
configurations we obtain a ‘massive’ but non-covariant formulation of type IIB, in which
the 10-dimensional diffeomorphism symmetry is deformed by the mass parameter.
1 Introduction
Double field theory is an approach to make T-duality manifest at the level of effective space-
time theories by doubling the coordinates. It introduces the usual ‘momentum’ (space-time)
coordinates xi together with new ‘winding’ coordinates x˜i and a covariant constraint that locally
eliminates half of the coordinates. Originally accomplished for the bosonic string [1–3], more
recently it has been extended to heterotic [4] and to type II superstrings [5, 6]. (For earlier
and related work see [7–16].) In particular, the type II double field theory provides a unified
description of the massless type IIA and type IIB theories. In this paper we will show that
a minimal extension of this theory exists that also contains massive deformations [17]. (For
earlier results on massive type IIA within ‘duality-covariant’ frameworks see [18–20].)
The massive extension of type IIA supergravity due to Romans [17] can be motivated as
follows. If one introduces for each RR p-form the dual 8 − p form, type IIA contains all odd
forms with p = 1, . . . , 7. We can also introduce a 9-form potential, but imposing the standard
field equations sets its field strength F (10) = dC(9) to a constant and so a 9-form carries no
propagating degrees of freedom. We can think of massive type IIA as obtained by choosing this
integration constant to be non-zero and equal to the mass parameter m. In the resulting theory,
m enters as a cosmological constant and deforms the gauge transformations corresponding to
the NS-NS b-field such that the RR 1-form transforms with a Stu¨ckelberg shift symmetry. It
does not admit a maximally symmetric vacuum, but its most symmetric solution is the D8
brane solution that features 9-dimensional Poincare´ invariance [21].
The type II double field theory of [5,6] is formulated in terms of a Majorana-Weyl spinor of
the ‘T-duality group’ O(10, 10). This spinor representation is isomorphic to the set of all even
or odd forms, depending on the chirality of the spinor, and so for type IIA the theory contains
already a 9-form potential. However, the duality relations
∗ F̂ (10) = −F̂ (0) ≡ 0 (1.1)
imply that its field strength is zero, because there is no non-trivial F̂ (0) due to the absence
of ‘(−1)–form’ potentials, and therefore the 9-form is on-shell determined to be pure gauge.
Formally, one may introduce a (−1)–form potential C(−1) and then set m = F (0) = dC(−1), as
has been done in [22], but so far it has been unclear how to find a mathematically satisfactory
interpretation of such objects. In this note we will show that a non-trivial 0-form field strength
(and thus a mass parameter) is naturally included in the type II double field theory by assuming
that the RR 1-form depends linearly on the winding coordinates,
C(1)(x, x˜) = Ci(x)dx
i +mx˜1dx
1 , (1.2)
where Ci and all other fields depend only on the 10-dimensional coordinates. We will see that
the second term in (1.2) effectively acts as a (−1)–form and that the double field theory reduces
precisely to massive type IIA.
It should be stressed that the consistency of the ansatz (1.2) is non-trivial, in fact, even
unexpected, for the double field theory formulation requires the constraint that
∂M∂MA = η
MN∂M∂NA = 0 , ∂
MA∂MB = 0 , η
MN =
(
0 1
1 0
)
, (1.3)
1
for all fields and gauge parameters A,B. Here, M,N, . . . are fundamental O(10, 10) indices,
with invariant metric ηMN , and the derivative ∂M = (∂˜
i, ∂i) combines the partial momentum
and winding derivatives. This constraint is necessary for gauge invariance of the action and
closure of the gauge algebra. In its weak form, which requires ∂M∂M = 2∂˜
i∂i to annihilate all
fields and parameters, it is a direct consequence of the level matching condition of closed string
theory, and it allows for field configurations such as (1.2) that depend locally both on x and x˜.
The double field theory constructions completed so far, however, impose the stronger form that
requires also all products of fields and parameters to be annihilated by ∂M∂M , corresponding
to the second equation in (1.3). In this form the constraint implies that locally all fields depend
only on half of the coordinates, and so (1.2) violates the strong constraint. Remarkably, as we
will show here, the gauge transformations can be reformulated on the RR fields so that the
strong constraint can be relaxed. It cannot be relaxed to the weak constraint as formulated
above, but it is sufficient for the ansatz (1.2) to be consistent. In particular, this formulation
guarantees that in the action and gauge transformations the linear x˜ dependence drops out,
such that the resulting theory has a conventional 10-dimensional interpretation.
This paper is organized as follows. In sec. 2 we briefly review the type II double field theory of
[5,6], and we give a rewriting of the gauge transformations that requires only a weaker constraint
in a sense to be made precise. In sec. 3 we evaluate the double field theory for (1.2) and show
that it reduces to the democratic formulation of massive type IIA. We then discuss T-duality
for massive type II by evaluating the double field theory for a coordinate dependence in which
one of the space-time coordinates is interchanged with a winding coordinate, corresponding to
a single T-duality inversion. In the massless case this maps type IIA to type IIB, in agreement
with their equivalence upon compactification on a circle. In the massive case, however, it maps
type IIA into a non-covariant ‘massive’ version of type IIB. In this formulation, type IIB has
only manifest 9-dimensional covariance but is fully diffeomorphism invariant, with the 10th
diffeomorphism being deformed by the mass parameter.
2 Type II double field theory
2.1 Massless theory
We start by reviewing the double field theory formulation of massless type II theories. The
NS-NS fields are the space-time metric gij , the Kalb-Ramond 2-form bij and the dilaton φ. The
metric and b-field are encoded in the generalized metric
HMN =
(
gij −gikbkj
bikg
kj gij − bikgklblj
)
, (2.1)
which is an element of SO(10, 10), satisfying the constraint HT = H and transforming covari-
antly under O(10, 10) according to its index structure. Moreover, we introduce an O(10, 10)
invariant dilaton density by e−2d =
√
ge−2φ, where g = |det gij |. We can think of H as the
fundamental field and view (2.1) as a particular parametrization, but in [5] we argued that we
should rather view the fundamental field as an hermitian element of the two-fold covering group
2
Spin(10, 10). Denoting this field by S, we require
S = S† , S ∈ Spin(10, 10) , (2.2)
and define the generalized metric via the group homomorphism ρ : Spin(10, 10) → SO(10, 10)
as H = ρ(S). With (2.2) we infer HT = ρ(S†) = ρ(S) = H, and thus, as required, H is a
symmetric group element which generally can be parametrized as in (2.1).
In the democratic formulation to be employed here, the RR fields consist of differential
forms of all odd (even) degrees for type IIA (IIB) and can be encoded in a Majorana-Weyl
spinor χ of O(10, 10). In order to see this, let us fix our conventions for Spin(10, 10). The
Clifford algebra is given by {
ΓM ,ΓN
}
= 2ηMN 1 . (2.3)
Due to the off-diagonal form of the O(10, 10) metric in (1.3), this algebra implies that
ψi ≡ 1√
2
Γi , ψ
i ≡ 1√
2
Γi , (2.4)
with (ψi)
† = ψi, satisfy the canonical anti-commutation relations of fermionic raising and
lowering operators ψi and ψi, respectively,
{ψi, ψj} = δij , {ψi, ψj} = 0 , {ψi, ψj} = 0 . (2.5)
Thus, the spinor representation can be constructed by introducing a Clifford vacuum |0〉, sat-
isfying ψi|0〉 = 0 for all i, and acting with the raising operators ψi. A spinor is then given by a
general state
χ =
10∑
p=0
1
p!
Ci1...ip ψ
i1 . . . ψip |0〉 , (2.6)
with coefficients that are fully antisymmetric tensors and that will be identified with the RR
p-forms C(p). A spinor satisfying a chirality condition consists either of only odd or only even
forms, and in the following we assume that χ has a fixed chirality. The Dirac operator
/∂ ≡ 1√
2
ΓM∂M = ψ
i∂i + ψi∂˜
i , (2.7)
acts naturally on spinors and can be viewed as the O(10, 10) invariant extension of the exterior
derivative. First, for ∂˜ = 0 it only acts via differentiating with respect to xi and increasing the
form degree by one. Second, it squares to zero,
/∂
2
=
1
2
ΓMΓN∂M∂N =
1
2
ηMN∂M∂N = 0 , (2.8)
using (2.3) and the constraint (1.3).
The type II double field theory, whose independent fields are S, χ and d, is defined by the
action
S =
∫
d10x d10x˜
(
e−2dR(H, d) + 1
4
(/∂χ)† S /∂χ
)
, (2.9)
supplemented by the self-duality constraint
/∂χ = −K /∂χ , K ≡ C−1S , (2.10)
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where C denotess the charge conjugation matrix of Spin(10, 10). For the definition of the
O(10, 10) invariant scalar R(H, d) see eq. (4.24) in [3].
Let us next review the symmetries of this theory. It has a global T-duality invariance under
Spin+(10, 10), which is the component of the group connected to the identity. It is gauge
invariant under
δλχ = /∂λ , (2.11)
where λ is a spinor of Spin(10, 10) with a fixed chirality opposite to the one of χ, such that odd
(even) p-forms transform with even (odd) (p− 1)-form parameters. This symmetry leaves (2.9)
and (2.10) manifestly invariant because of /∂
2
= 0. The double field theory is also invariant under
a ‘generalized diffeomorphism’ symmetry spanned by a parameter ξM = (ξ˜i, ξ
i) that combines
the usual diffeomorphism parameter ξi and the b-field gauge parameter ξ˜i into a fundamental
O(10, 10) vector. This gauge symmetry acts on the fundamental fields as
δξ
(
e−2d
)
= ∂M
(
ξMe−2d
)
,
δξK = ξM∂MK + 1
2
[
ΓMN ,K ]∂MξN ,
δξχ = ξ
M∂Mχ+
1
2
∂M ξNΓ
MΓNχ ,
(2.12)
where ΓMN = 12 [Γ
M ,ΓN ], and we have written the gauge variation of S in terms of K defined in
(2.10). The gauge invariance under ξM transformations is non-trivial and requires the strong
constraint (1.3). We stress that, in contrast, the identity (2.8) and thus the invariance under λ
transformations requires only the weak constraint, i.e., that ∂M∂M annihilates χ and its gauge
parameter, but not necessarily their products, which will be used below.
Next we discuss the double field theory evaluated for fields depending only on xi, i.e.,
setting the winding derivatives to zero, ∂˜i = 0. In order to compare the resulting theory with
the conventional formulation, we need to choose a parametrization of S in terms of g and b, as
for H in (2.1). We do so by decomposing (2.1)
H =
(
1 0
b 1
)(
g−1 0
0 g
)(
1 −b
0 1
)
≡ hTb hg−1 hb , (2.13)
and then introducing spin representatives for each of the SO(10, 10) elements on the right-hand
side. We then set
S = SH ≡ S†b S−1g Sb = e
1
2
bijψiψj S−1g e
− 1
2
bijψ
iψj , (2.14)
where we introduced the spin representative Sb of hb in terms of fermionic oscillators [5]. The
explicit form of the spin representative Sg of hg can be found in [5]. By construction, S = SH
projects under the group homomorphism ρ to H in SO(10, 10), and it has been shown in [2, 3]
that the first term in (2.9) reduces to the standard low-energy action for the NS-NS sector.
We turn now to the RR sector. For ∂˜i = 0 the Dirac operator /∂ acts like the exterior
derivative and so /∂χ reduces to the conventional field strengths of the RR potentials in (2.6),
/∂χ
∣∣∣
∂˜=0
=
∑
p
1
p!
∂jCi1...ip ψ
jψi1 · · ·ψip |0〉 =
∑
p
1
(p+ 1)!
Fi1...ip+1 ψ
i1 · · ·ψip+1 |0〉 , (2.15)
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where we introduced in the last equation the components of the (p+ 1)–form field strength,
F (p+1) = dC(p) . (2.16)
In the action (2.9) the exponentials of b in (2.14) lead to the modified field strength [5, 6]
F̂ = e−b
(2) ∧ F = e−b(2) ∧ dC , (2.17)
where we use a notation that combines all p-forms into a formal sum. Without repeating the
derivation, we recall that the Sg factor in (2.14) effectively arranges the proper contractions
with the space-time metric g in the action, so that the RR part of (2.9) reads [5, 6]
SRR = −1
4
∫
d10x
√
g
∑
p
1
p!
gi1j1 · · · gipjp F̂i1...ip F̂j1...jp =
1
4
∑
p
∫
F̂ (p) ∧ ∗F̂ (p) . (2.18)
Similarly, the self-duality constraint (2.10) reduces to the conventional duality relations
F̂ (p) = −(−1) 12p(p+1) ∗ F̂ (10−p) . (2.19)
Thus, for the RR sector the double field theory action reduces to the sum of kinetic terms for
all p-forms, which is supplemented by duality relations. This is the ‘democratic formulation’
originally introduced in [23], and which is on-shell equivalent to the conventional formulation
of type IIA for odd forms or type IIB for even forms.
Let us finally review the gauge transformations for ∂˜i = 0. The gauge variations (2.11),
with parameter
λ =
∑
p
1
p!
λi1...ip ψ
i1 · · ·ψip |0〉 , (2.20)
reduce to
δλχ = ψ
j∂jλ =
∑
p
1
(p− 1)!∂[i1λi2...ip] ψ
i1 · · ·ψip |0〉 , (2.21)
which amounts to the standard abelian gauge symmetry of the RR p-forms,
δλC = dλ . (2.22)
The gauge symmetry (2.12) parameterized by ξM = (ξ˜i, ξ
i) gives for ξi
δξχ =
(
ξj∂j + ∂jξ
k ψjψk
)∑
p
1
p!
Ci1...ip ψ
i1 · · ·ψip |0〉 , (2.23)
which by use of the oscillator algebra (2.5) implies
δξCi1...ip = ξ
j∂jCi1...ip + p ∂[i1ξ
j C|j|i2...ip] ≡ LξCi1...ip . (2.24)
This is the conventional diffeomorphism symmetry, acting infinitesimally via the Lie deriva-
tive. From (2.12) it also follows that the C(p) transform non-trivially under the b-field gauge
parameter ξ˜i,
δ
ξ˜
χ = ∂k ξ˜l ψ
kψlχ =
∑
p
1
p!
∂[i1 ξ˜i2 Ci3...ip+2]ψ
i1 · · ·ψip+2 |0〉 , (2.25)
which implies
δ
ξ˜
C = dξ˜ ∧ C . (2.26)
This means that the C(p) are redefinitions by the b-field of the more conventional RR fields,
which are invariant under ξ˜i. These are exactly the expected gauge symmetries for massless
type II theories.
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2.2 Reformulation of gauge symmetries
The gauge invariance of the type II double field theory requires for ξM transformations the
strong form of the constraint (1.3), but for λ transformations only the weak constraint. Here,
we will perform a change of basis for the gauge parameters such that, for the RR sector, the
ξM transformations are consistent with a weaker form of the constraint.
We start by rewriting the ξM gauge transformation of χ as follows
δξχ = ξ
M∂Mχ+
1
2
∂MξNΓ
MΓNχ
= ξM∂Mχ− 1
2
ΓMΓNξN∂Mχ+
1
2
ΓM∂M
(
ξNΓ
Nχ
)
.
(2.27)
The last term is of the form of a field-dependent λ gauge transformation /∂λ and can therefore
be ignored. We then use the Clifford algebra in the second term,
δξχ = ξ
M∂Mχ− 1
2
(
2ηMN − ΓNΓM)ξN∂Mχ = 1
2
ΓNΓMξN∂Mχ . (2.28)
Using the ‘slash’ notation (2.7),
/∂ =
1√
2
ΓM∂M , /ξ =
1√
2
ΓMξM , (2.29)
we finally get
δξχ = /ξ /∂χ , (2.30)
which is the form of the ξM gauge transformations we will use from now on.
We will show that, starting from (2.30), gauge invariance of the RR action and closure of
the gauge algebra uses only the constraint
ηMN∂M∂NA = ∂
M∂MA = 0 , A =
{
χ, λ, ξM
}
. (2.31)
In particular, for this computation we do not need to use ∂MA∂MB = 0. This observation does
not imply, however, that the RR sector is ‘weakly constrained’ in the sense that fields but not
their products need to satisfy the constraint. In fact, (2.30) is not a consistent transformation
rule assuming that χ and ξ are weakly constrained. Before discussing this in more detail, we
investigate some consequences of the form (2.30) of the gauge transformations.
The original gauge transformations have the property that a gauge parameter of the form
ξM = ∂MΘ is ‘trivial’ in that it generates no gauge transformation. After the above redefinition,
this statement is modified. We compute
δ∂Θχ =
1
2
ΓNΓM∂NΘ ∂Mχ =
1
2
ΓN∂N
(
ΘΓM∂Mχ
)
, (2.32)
assuming only the weaker form (2.31) of the constraint. Thus, the gauge variation (2.32) takes
the form of a field-dependent λ gauge transformation,
δ∂Θχ = /∂λ , λ = Θ /∂χ . (2.33)
Therefore, the statement that ξM = ∂MΘ leads to a trivial gauge transformation leaving the
fields invariant has to be relaxed to the statement that it leaves the fields invariant up to a λ
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gauge transformation, but it has the advantage that in this weaker form only the constraint
(2.31) is required.
We compute next the gauge variation of /∂χ under (2.30), which is needed in order to verify
gauge invariance,
δξ
(
/∂χ
)
= /∂
(
/ξ /∂χ
)
= /∂/ξ /∂χ+
1
2
√
2
ΓMΓNΓP ξN∂M∂Pχ
= /∂/ξ /∂χ+
1
2
√
2
(
2ηMN − ΓNΓM)ΓP ξN∂M∂Pχ . (2.34)
The last term contains Γ(MΓP ) = ηMP and therefore vanishes by (2.31), while the second term
reduces to ξM∂M /∂χ. In total we have
δξ
(
/∂χ
)
= ξM∂M /∂χ+ /∂/ξ /∂χ . (2.35)
This result agrees with the variation under the original form of the gauge transformations
determined in [5] (as it should be, because the modification is a λ gauge transformation that
leaves /∂χ invariant), but in the original derivation the strong constraint was used. As the proof
of gauge invariance of the action and the self-duality constraint given in [5] requires only the
transformation rule (2.35), we conclude that this proof uses only the weaker constraint (2.31).
Let us verify that also closure of the gauge transformations on χ requires only this weaker
constraint. First, for the modified form of the gauge transformations there is no non-vanishing
commutator between λ and ξ gauge transformations because /∂χ is λ-invariant. Thus, it remains
to verify closure of the ξM transformations, for which we find[
δξ1 , δξ2
]
χ = δξ12χ+ δλχ . (2.36)
Here,
ξM12 =
[
ξ2, ξ1
]M
C
= ξN2 ∂Nξ
M
1 −
1
2
ξ2N∂
M ξN1 − (1↔ 2) , (2.37)
which is given by the ‘C-bracket’ that characterizes the closure of ξM transformations on the
NS-NS fields [1, 2], and
λ = −1
2
(
/ξ2/ξ1 − /ξ1/ξ2
)
/∂χ . (2.38)
The verification of (2.36) is a straightforward though somewhat tedious exercise in gamma
matrix algebra, which we defer to the appendix. The computation makes repeated use of
the constraint (1.3), but only in its relaxed form (2.31). Thus, on the RR field χ all gauge
symmetries close using only this weaker constraint.
We close this section by computing the form of these redefined ξM gauge transformations
(2.30) for ∂˜i = 0. For the diffeomorphism parameter ξi we find
δξχ = ξ
iψiψ
j∂jχ =
∑
p
1
p!
ξi∂jCi1···ipψiψ
jψi1 · · ·ψip |0〉 . (2.39)
Using the oscillator algebra (2.5) to simplify this, we obtain
δξCi1···ip = (p+ 1)ξ
j∂[jCi1···ip] = ξ
jFji1···ip . (2.40)
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For the b-field gauge parameter ξ˜i one obtains
δξ˜χ = ξ˜iψ
iψj∂jχ =
∑
p
1
p!
ξ˜i∂jCi1...ipψ
iψjψi1 · · ·ψip |0〉 , (2.41)
from which we read off
δ
ξ˜
C = ξ˜ ∧ F . (2.42)
The diffeomorphism symmetry in the form (2.40) is sometimes referred to as ‘improved
diffeomorphisms’. They can be introduced for any p-form gauge field by adding to the familiar
diffeomorphism symmetry (2.24) a field-dependent gauge transformation with (p − 1)-form
parameter
λi1...ip−1 = −ξjCji1...ip−1 . (2.43)
Similarly, (2.42) is obtained from the original ξ˜ transformation (2.26) by adding an abelian gauge
transformation with parameter λ = −ξ˜∧C. Thus, the redefinition of the gauge transformations
leading to (2.30) is precisely the double field theory analogue of the improved diffeomorphisms
in conventional gauge theories. In this form the gauge field appears only under a derivative,
which will be instrumental for the generalization we discuss next.
3 Massive type II theories
3.1 Massive type IIA
In the previous section we have seen that the proof of gauge invariance and closure of the gauge
algebra uses only the weaker constraint (2.31) for the RR sector. Naively, this would allow for
field configurations like
χ(x, x˜) = χ0(x) + χ1(x˜) , (3.1)
where χ0,1 are arbitrary functions of their arguments, and similarly for the gauge parameters.
However, as mentioned above, there is a subtlety, because the gauge variations (2.30) are not
consistent assuming only the weak constraint. In fact, δξχ on the left-hand side should satisfy
the constraint, but with χ and ξ being weakly constrained their product on the right-hand
side in general does not satisfy the constraint. Rather, one should introduce a projector that
restricts to the part satisfying the weak constraint [1], while our computation above did not
keep track of these projectors. After the insertion of projectors, the gauge invariance of the
action and closure of the gauge algebra does not follow from our computation (and is most
likely not true). Moreover, the RR fields interact with the NS-NS sector that is still strongly
constrained, and so it is presumably inconsistent to have a weakly constrained RR sector. Thus,
a complete relaxation of the strong constraint must await a resolution of this problem for the
NS-NS sector. However, if we only assume the function χ1 in (3.1) to depend linearly on x˜, the
resulting gauge variations and field equations are independent of x˜, and therefore the constraint
is satisfied without insertion of projectors. (In particular, the energy-momentum tensor of the
RR fields depends only on /∂χ [5] and is thereby independent of x˜.) An ansatz with linear x˜
dependence is therefore consistent, and we will investigate its consequences in what follows.
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We will show that the type II double field theory defined by (2.9) and (2.10) leads to
massive type IIA if we assume that the RR spinor χ depends on the 10-dimensional space-time
coordinates and, in its 1-form part, also linearly on a winding coordinate. We thus write
χ(x, x˜) =
(∑
p
1
p!
Ci1...ip(x)ψ
i1 . . . ψip +mx˜1ψ
1
)
|0〉 , (3.2)
where we assume that χ is of negative chirality such that the sum extends only over odd p.
Here we have singled out a particular (winding) coordinate direction, but we stress that this
choice is immaterial for the final result: we could have chosen any linear combination of the x˜i,
which would merely amount to a rescaling of the mass parameter m. Let us also note that it
would be consistent to allow for a linear x˜ dependence in other p-form parts, both in χ and in
its gauge parameter λ. We will comment on this more general case below.
Let us next evaluate the field strength /∂χ for (3.2). In contrast to (2.15), the term ψi∂˜
i in
/∂ acts now non-trivially,
/∂χ =
∑
p
1
p!
∂jCi1...ip ψ
jψi1 · · ·ψip |0〉+ ψj ∂˜j(mx˜1)ψ1|0〉
=
∑
p
1
(p+ 1)!
(p+ 1)∂[i1Ci2...ip+1] ψ
i1 · · ·ψip+1 |0〉+m|0〉
≡
∑
p
1
(p+ 1)!
(Fm)i1...ip+1ψ
i1 · · ·ψip+1 |0〉 ,
(3.3)
where we used the oscillator algebra (2.5). We observe that the non-trivial action of ψi∂˜
i leads
to a reduction of the form degree such that the ‘1-form potential’ precisely leads to a non-
vanishing 0-form field strength or, in other words, that the x˜ dependent part acts effectively
like a ‘(−1)-form’. The m-deformed field strengths defined in the last line of (3.3) then read
F (0)m = m , F
(p+1)
m = F
(p+1) = dC(p) for p ≥ 0 . (3.4)
In the action the modified field strengths (2.17) enter, which are now deformed according to
(3.4),
F̂m = e
−b(2) ∧ (dC +m) . (3.5)
This reads explicitly
F̂ (0)m = m
F̂ (2)m = F
(2) −mb(2)
F̂ (4)m = F
(4) − b(2) ∧ F (2) + 1
2
mb(2) ∧ b(2) , etc.
(3.6)
These are precisely the m-deformed field strengths appearing in massive type IIA, see, e.g., [21].
We turn now to the gauge symmetries acting on (3.2), starting with the λ-transformations
(2.11). In analogy to (3.2) it is natural to allow here also for a linear x˜ dependence in the
0-form part of λ, but such a contribution will be annihilated by /∂ due to ψi|0〉 = 0. We note,
however, that a linear x˜ dependence in the higher-form components of λ can lead to a rigid
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shift of the RR forms, which is trivially a global symmetry since all RR potentials appear under
a derivative. We conclude that the λ gauge transformations are unchanged compared to the
massless case (2.22). The ξM transformation (2.30) evaluated for the diffeomorphism parameter
ξi yields no new contribution since
δξiχ
∣∣∣
∂i=0
= ξiψiψj ∂˜
jχ = 0 , (3.7)
due to the action of two annihilation operators ψi on (3.2). Thus, the diffeomorphism symmetry
is given by (2.40), as form = 0. Finally, the gauge transformation of the b-field gauge parameter
ξ˜i receives a non-trivial modification,
δ
ξ˜i
χ
∣∣∣
∂i=0
= ξ˜iψ
iψj ∂˜
jχ = mξ˜iψ
iψ1ψ
1|0〉 = mξ˜iψi|0〉 . (3.8)
Together with the gauge transformation (2.42) for m = 0 we thus obtain
δ
ξ˜
C = ξ˜ ∧ dC +mξ˜ . (3.9)
Therefore, for m 6= 0 the RR 1-form C(1) transforms with a Stu¨ckelberg shift symmetry under
the b-field gauge transformations, which is precisely the expected result for massive type IIA [21].
The modified field strengths F̂m are manifestly invariant under the λ gauge transformations.
The invariance under ξ˜ transformations can be easily verified with δ
ξ˜
b(2) = dξ˜,
δξ˜F̂m = δξ˜
(
e−b
(2) ∧ (dC +m)) = −dξ˜ ∧ F̂m + e−b(2) ∧ d(ξ˜ ∧ dC +mξ˜)
= −dξ˜ ∧ F̂m + e−b(2) ∧ dξ˜ ∧ (dC +m) = −dξ˜ ∧ F̂m + dξ˜ ∧ F̂m = 0 .
(3.10)
Let us now consider the double field theory action and duality relations (2.9) and (2.10),
evaluated for (3.2), and compare with the dynamics of massive type IIA. As in (2.18), the action
reduces to the sum of kinetic terms, but here for the modified field strengths (3.5),
LRR = 1
4
10∑
p=0
F̂ (p)m ∧ ∗F̂ (p)m =
1
4
10∑
p≥1
F̂ (p)m ∧ ∗F̂ (p)m +
1
4
m2 ∗ 1 . (3.11)
The action contains now also the 0-form field strength, which contributes a cosmological term
proportional to m2, as made explicit in the second equation. Moreover, we can use the
Stu¨ckelberg gauge symmetry (3.9) with parameter ξ˜ to set C(1) = 0. From the second equation
in (3.6) we then infer that the kinetic term for C(1) reduces to a mass term for the b-field. Thus,
the b-field becomes massive by ‘eating’ the RR 1-form.
The self-duality constraint (2.10) reduces to the same duality relations as in (2.19), again
with all field strengths being m-deformed,
F̂ (p)m = −(−1)
1
2
p(p+1) ∗ F̂ (10−p)m . (3.12)
This democratic formulation is equivalent to the conventional formulation of massive type IIA.
In the following we compare the two formulations in a little more detail.
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The RR action of massive type IIA in the standard formulation is given by [17,21]
SRR =
1
2
∫ (
F̂ (2)m ∧ ∗F̂ (2)m + F̂ (4)m ∧ ∗F̂ (4)m +m2 ∗ 1
)
+
1
2
∫ (
b(2)(dC(3))2 − (b(2))2dC(1)dC(3) + 1
3
(b(2))3(dC(1))2
+
1
3
m(b(2))3dC(3) − 1
4
m(b(2))4dC(1) +
1
20
m2(b(2))5
)
,
(3.13)
where for simplicity we have omitted all wedge products between forms in the topological Chern-
Simons terms SCS in the second and third line.
1 We note in passing that this Chern-Simons
action simplifies significantly if we formally introduce a (−1)-form C(−1) and then define
Â = e−b
(2) ∧ (C + C(−1)) , (3.14)
where C still represents the formal sum of all (odd) p-forms with p ≥ 1. The Chern-Simons
action can then simply be written as
SCS =
1
2
∫
b(2) ∧ dÂ(3) ∧ dÂ(3) . (3.15)
More precisely, expanding (3.15) according to (3.14), the resulting action can be written, up
to total derivatives, such that C(−1) enters only under an exterior derivative, and then setting
m = dC(−1) reproduces precisely the Chern-Simons terms in (3.13). Formally, this drastic
simplification can be understood as a consequence of the b-field gauge transformations (3.9),
which we rewrite here as
δ
ξ˜
C = ξ˜ ∧ d(C + C(−1)) = dξ˜ ∧ (C + C(−1))− d(ξ˜ ∧ (C + C(−1))) . (3.16)
The last term takes the form of a field-dependent λ gauge transformation and can thus be
ignored. The Â defined in (3.14) is then ξ˜ gauge invariant,
δξ˜Â = −dξ˜ ∧ e−b
(2) ∧ (C + C(−1))+ e−b(2) ∧ (dξ˜ ∧ (C + C(−1))) = 0 , (3.17)
where we have taken C(−1) to be gauge invariant. From this we infer that (3.15) is the only
term invariant under ξ˜ gauge transformations (up to a boundary term). Note that we could
have included the (−1)-form potential into the sum of all p-forms, in which case the gauge
transformations would be formally as in the massless case.
We have verified the exact equivalence between the equations of motion following from (3.13)
and those derived by varying (3.11) and then supplementing them by the duality relations
(3.12). For the Einstein equations this is easy to see because the Chern-Simons terms that are
present in the conventional formulation do not contribute to the variation of the metric. The
energy-momentum tensor then agrees for both formulations owing to the relative factor of 12
between the kinetic terms in (3.11) and (3.13), which compensates for the doubling of fields in
1This action differs from eq. (2.8) of [21] in certain numerical factors, which is due to different conventions
regarding differential forms. Moreover, there is a mismatch of a relative factor of 1
2
between kinetic and Chern-
Simons terms, but (3.13) is consistent with [17].
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the democratic formulation. For the field equations of the p-forms the on-shell equivalence is a
consequence of the Bianchi identities
dF̂ (p)m = −H(3) ∧ F̂ (p−2)m , (3.18)
following from (3.5). More precisely, the duality relations yield the second-order field equations
as integrability conditions of d2 = 0, including the required source terms originating from
the Chern-Simons terms in the conventional formulation. Thus, the double field theory leads
precisely to massive type IIA.
3.2 T-duality and massive type IIB
We discuss now the double field theory evaluated for fields depending on coordinates that result
from the 10-dimensional space-time coordinates xi by a T-duality inversion. The O(10, 10) in-
variance of the constraint (1.3) implies that fields resulting by an O(10, 10) transformation from
fields depending only on the xi (thereby satisfying the constraint) also satisfy the constraint.
For instance, we may perform a single T-duality inversion in one direction, which exchanges a
‘momentum coordinate’ xi with the corresponding ‘winding coordinate’ x˜i. The double field
theory evaluated for this field configuration then reduces to the T-dual theory. If it reduces to
type IIA in one ‘T-duality frame’, it reduces to type IIB in the other frame, when expressed
in the right T-dual field variables [5]. The mapping of (massless) type IIA into type IIB under
T-duality can therefore be discussed without reference to dimensional reduction, while in the
usual approach this relation is inferred from the equivalence of type IIA and type IIB upon
reduction on a circle [24].
Our task is now to see how this generalizes in the massive case. The usual point of view
is as follows [21]. Massive type IIA reduced on a circle leads to a massive N = 2 theory in
nine dimensions, but there is no corresponding massive deformation of type IIB that could lead
to the same nine-dimensional theory upon standard reduction. Rather, to identify the proper
T-duality rules one has to perform a Scherk-Schwarz reduction [25] of massless type IIB, which
introduces a mass parameter and leads to the same massive N = 2 theory in nine dimensions.
In contrast, in double field theory the T-dual theory is identified without any dimensional
reduction, as we discussed above, and so the puzzle arises what the T-dual to massive type IIA
is if there is no massive type IIB in ten dimensions.
In order to address this issue let us analyze the double field theory evaluated for fields in
which one space-time coordinate, say x10, is replaced by the corresponding winding coordinate.
We split the coordinates as xi = (xµ, x10), µ = 1, . . . , 9, and replace (3.2) by the ansatz
χ(x, x˜) =
(∑
p
1
p!
Ci1...ip(x
µ, x˜10)ψ
i1 · · ·ψip +mx˜1ψ1
)
|0〉 , (3.19)
where again the sum extends over all odd p. In the massless case the double field theory reduces
to type IIB, which can be made manifest by performing a field redefinition that takes the form
of a T-duality inversion in the 10th direction [5].2 This T-duality transformation acts on the
2Here we assume that x10 is a space-like direction, g10,10 > 0. For T-dualities along time-like directions the
dual theories are the so-called type II∗ theories [5, 6], which have a reversed sign for the RR kinetic terms [26].
Similarly, the double field theory discussed here contains also a massive type IIA∗.
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RR spinor via the spin representative S10 = ψ
10 + ψ10, i.e., we define
χ′ = S10 χ =
(∑
p
1
p!
C ′i1...ip ψ
i1 · · · ψip +mx˜1(ψ10 + ψ10)ψ1
)
|0〉 , (3.20)
where in the first term we introduced redefined variables denoted by C ′. As S10 is linear in
the fermionic oscillators the sum extends now over all even p. Specifically, one finds (compare
eq. (6.41) in [6])
C ′i1...ip =
{
Cµ2...µp if i1 = 10, i2 = µ2 , . . . , ip = µp
C10µ1...µp if i1 = µ1 , . . . , ip = µp .
(3.21)
Thus, the dual field variables are obtained by adding or deleting the special index, thereby
mapping odd forms into even forms, as required for the transition from type IIA to type IIB.
By performing this field redefinition (and renaming the coordinates) one infers that evaluating
the theory for fields depending on xµ and x˜10 is equivalent to evaluating the theory for fields
depending on xi, but with the opposite chirality for the spinor, i.e., replacing odd forms by
even forms. (See sec. 6.2 in [6] for more details.) Now, in the massive case we have to take into
account the second term in (3.20), which reduces to mx˜1ψ
10ψ1. Thus, our task is to evaluate
the double field theory for
χ(x, x˜) =
(∑
p
1
p!
Ci1...ip(x)ψ
i1 · · ·ψip +mx˜1ψ10ψ1
)
|0〉 , (3.22)
dropping the primes from now on. In other words, we have to evaluate the double field theory
for a field configuration in which the 2-form part depends now linearly on x˜,(
χ(x, x˜)
∣∣
2−form
)
ij
= Cij(x) + 2mx˜1 δ[i
10 δj]
1 , (3.23)
with all other fields still depending only on the 10-dimensional space-time coordinates.
We start by computing the field strength
F = /∂χ = Fm=0 − ψ1∂˜1(mx˜1)ψ1ψ10|0〉 = Fm=0 −mψ10|0〉 . (3.24)
Therefore, the field strength of the RR 0-form C(0) gets modified in the 10th component,
F (1) = dC(0) −mdx10 ⇔ Fi = ∂iC(0) −mδi10 , (3.25)
while all other field strengths F (p), p 6= 1, remain unchanged. The ‘hatted’ field strength (2.17)
then receives corresponding modifications,
F̂ = e−b
(2) ∧ (dC −mdx10) , (3.26)
and thus in components
F̂ (3) = F (3) − b(2) ∧ dC(0) +mb(2) ∧ dx10 , etc. (3.27)
The dynamics is described by the same action (2.18) and duality relations (2.19) as before, but
with all field strengths replaced by their m-deformed version (3.26).
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This theory breaks manifest 10-dimensional covariance in that the 10th coordinate is treated
on a different footing in (3.25). We observe, however, that this theory can be obtained from
standard (covariant) type IIB by performing the redefinition
C(0) → C(0) −mx10 , (3.28)
as is apparent from (3.25). Thus, the ‘deformation’ induced by the m-dependent 2-form contri-
bution in (3.22) can be absorbed into a redefinition of the lower RR form C(0), and therefore
the obtained theory is nothing but standard type IIB after a somewhat peculiar (non-covariant)
redefinition. For this reason we do not introduce a new symbol for the ‘deformed’ field strengths.
In order to understand the consequences of the non-covariance let us inspect the gauge
symmetries. As above, the λ gauge transformations are unchanged compared to the massless
case. The gauge transformations (2.30) parametrized by ξM applied to (3.22) give
δξχ =
(
ψiξ˜i + ψiξ
i
)
/∂χ = δξχ
∣∣∣
m=0
−m(ξ˜iψiψ10 + ξiψiψ10)|0〉
= δξχ
∣∣∣
m=0
−m(ξ˜µψµψ10 + ξ10)|0〉 .
(3.29)
We read off the m-deformed gauge transformations which are modified on Cµ10,
δ
ξ˜
Cµ10 = 2ξ˜[µF10],m=0 −mξ˜µ = 2ξ˜[µF10] , (3.30)
and on C(0)
δξC
(0) = ξj∂jC
(0) −mξ10 = ξjFj , (3.31)
where we used (3.25) for both equations in the last step. Thus, the nine-component parameter
ξ˜µ acts as a Stu¨ckelberg symmetry on the off-diagonal RR 2-form components, while the 10th
diffeomorphism parameter ξ10 acts as a Stu¨ckelberg symmetry on the RR 0-form. The field
strength of Cµ10 read off from (3.27),
F̂µν10 = 2∂[µCν]10 +mbµν + ∂10Cµν − bµν∂10C(0) − 2b10[µ ∂ν]C(0) , (3.32)
is invariant under the ξ˜µ shift symmetry. Moreover, (3.25) is invariant under ξ
10, i.e., the theory
is diffeomorphism invariant under x10 → x10 − ξ10(x) and (3.31),
δξ10F
(1) = −mdξ10 +mdξ10 = 0 . (3.33)
Thus, despite the non-covariant formulation that treats the 10th direction on a different footing,
the theory is still fully diffeomorphism invariant, as it should be in view of the fact that it results
from standard type IIB by the redefinition (3.28). Since this invariance under non-covariant
diffeomorphisms is somewhat unconventional, let us also verify this for the component form
given in (3.25),
δξFi = ∂i
(
ξj∂jC
(0) −mξ10) = ξj∂j(∂iC(0))+ ∂iξj ∂jC(0) −m∂iξ10
= ξj∂jFi + ∂iξ
j
(
∂jC
(0) −mδj10
)
= ξj∂jFi + ∂iξ
jFj .
(3.34)
Thus, the m-deformed field strength transforms under the m-deformed diffeomorphisms (3.31)
with the usual Lie derivative of a 1-form field strength. Therefore, the action and duality
relations build with this field strength are diffeomorphism invariant.
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To summarize, we have identified the 10-dimensional theory that is the T-dual to massive
type IIA and that can be seen as a ‘massive’ formulation of type IIB. It is unconventional in
that the 10-dimensional diffeomorphism symmetry is not realized in the usual way, but non-
linearly in the 10th direction. This is, however, analogous to the deformation of the gauge
transformation of C(1) under the b-field gauge parameter in massive type IIA, and since the
diffeomorphisms and b-field gauge symmetries are on the same footing in double field theory
this result is not surprising.
Let us now discuss the physical content. We can choose a gauge for the ξ˜µ Stu¨ckelberg
symmetries by setting Cµ10 = 0. From (3.32) we then infer that their kinetic terms give mass
terms for the 9-dimensional components of the b-field, rendering these components massive.
This is analogous to massive type IIA, but in the latter case the full 10-dimensional b-field
becomes massive, carrying 36 massive degrees of freedom, while here only the 9-dimensional
components become massive, carrying 28 massive degrees of freedom. It turns out that the
8 missing degrees of freedom are carried instead by the Kaluza-Klein vector field. In order
to see this, let us perform a Kaluza-Klein decomposition of the kinetic term involving C(0)
(but we stress that we are not performing a reduction in that the fields still depend on all 10
coordinates). The standard Kaluza-Klein decomposition of the (inverse) metric reads
gij =
(
γµν −Aµ
−Aν ℓ−1 +AρAρ
)
, (3.35)
where γµν denotes the 9-dimensional metric, Aµ is the Kaluza-Klein vector and ℓ the Kaluza-
Klein scalar. If we choose a gauge for the ξ10 Stu¨ckelberg symmetry by setting C(0) = 0, we
infer with (3.25) that the relevant term in the Lagrangian reads
L = −1
4
√
g gijFiFj = −
1
4
√
gg10,10F10F10 = −
1
4
m2
√
γ
√
ℓ
(
ℓ−1 +AµAµ
)
. (3.36)
Therefore, the Kaluza-Klein vector receives a mass term and so becomes massive by ‘eating’
the RR scalar C(0), thus carrying 8 massive degrees of freedom.
We have to point out that the above analysis of the physical content was somewhat naive.
In fact, one may wonder why this theory, if obtained from massless type IIB by the mere
redefinition (3.28), exhibits a spectrum that is rather different from the usual physical content
of type IIB, e.g., with (parts of) the b-field becoming massive and a cosmological term in (3.36).
The point is that such a classification of the masses of various fields is only meaningful with
respect to a particular background. Type IIB admits a 10-dimensional Minkowski solution,
with all field strengths zero in the background, and it is with respect to this background that
the b-field is massless. Now, after the redefinition (3.28) the theory of course still admits the
same Minkowski vacuum, but now we have to switch on a ‘background flux’ in order to realize
this solution,
〈gij〉 = ηij , 〈dC(0)〉 = mdx10 , (3.37)
because only then we have 〈F̂ 〉 = 0 in the Einstein equations, as follows with (3.25). Around
this background, the b-field is still massless.
Thus, there is no conflict of our above analysis of ‘massive’ type IIB with the usual way type
IIB is presented. The presence of massive fields just means that the background space-time we
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consider is not flat space, but rather a background that is appropriate for the comparison to
the T-dual massive type IIA. In fact, massive type IIA does not admit a Minkowski (or AdS)
vacuum, but instead the D8-brane solution that is invariant under the 9-dimensional Poincare´
group corresponding to its world-volume [21]. The T-dual configuration is the D7-brane solution
of type IIB, which is only invariant under the 8-dimensional Poincare´ group [21], and the above
analysis has to be understood with respect to such a background.
Let us close this section by comparing our result with the usual story that relates massive
type IIA to the Scherk-Schwarz reduction of massless type IIB [21, 22]. In Scherk-Schwarz
reduction one allows some fields to depend non-trivially on the internal coordinates in such a
way that this dependence drops out in the effective lower-dimensional theory. For the Scherk-
Schwarz reduction of type IIB to nine dimensions relevant for T-duality, the Kaluza-Klein ansatz
allows for a linear x10 dependence for the RR scalar C(0),
C(0)(xµ, x10) = c(0)(xµ)−mx10 , (3.38)
where c(0) denotes the nine-dimensional field. For all other fields the ansatz is as for circle
reductions, i.e., the fields are simply assumed to be independent of x10. In the resulting action
the dependence on x10 drops out, leaving a massive deformation of the usual circle reduction
of type IIB.
Instead of this Scherk-Schwarz reduction one may first perform the redefinition (3.28) and
then employ a standard reduction, as is apparent by comparing (3.38) with (3.28). We conclude
that the Scherk-Schwarz reduction of massless type IIB gives the same 9-dimensional theory
as the conventional reduction of the ‘massive’ formulation of type IIB. Thus, our results are
consistent with [21,22], and the formulation of type IIB that appears naturally in double field
theory is already adapted to the Scherk-Schwarz reduction.3
4 Concluding remarks
In this paper we have shown that the type II double field theory defined by (2.9) and (2.10)
can be extended by slightly relaxing the constraint (1.3) such that the RR fields may depend
simultaneously on all 10-dimensional space-time coordinates and linearly on the winding coor-
dinates. In case that only the RR 1-form carries such a dependence, the double field theory
reduces precisely to the massive type IIA theory. We have shown that the T-dual configura-
tion corresponds to the case that the RR 2-form (3.23) of type IIB carries such a dependence.
This gives rise to a ‘massive’ version of type IIB, whose circle reduction to nine dimensions
yields the same theory as the Scherk-Schwarz reduction of conventional type IIB. This massive
formulation of type IIB is still invariant under 10-dimensional diffeomorphisms, with the 10th
diffeomorphism being deformed by the mass parameter.
Here we have only considered a non-trivial x˜ dependence for the RR 1-form of type IIA and,
in the T-dual situation, for the RR 2-form of type IIB. It is also consistent with the relaxed
constraint to have a linear x˜ dependence for all higher RR forms C(p). Such an ansatz would
lead to a multiple parameter family of ‘massive’ and non-covariant type II theories, but as for
3We thank Eric Bergshoeff for discussions on this point.
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the type IIB case discussed above all of these deformations can be absorbed into a redefinition
of the lower RR form C(p−2), as in (3.28). The only exception is the RR 1-form which is
distinguished because it leads to a covariant massive deformation in that it merely deforms the
0-form field strength by the scalar mass parameter. This deformation cannot be absorbed into a
redefinition, precisely because there is no ‘(−1)-form’ potential available that could be redefined.
This is in agreement with the fact that no massive deformations of maximal 10-dimensional
supergravity are known besides massive type IIA. Even though (−1)-forms do not exist in the
usual framework of differential geometry (such that they appear in conventional type II theories
at most in a very formal sense), the type II double field theory suggests a natural and concrete
interpretation: (−1)-forms are 1-forms depending on the dual coordinates.
Finally, let us stress that so far we have only established the existence of the bosonic sector
of the massive type II theories since the supersymmetric extension of type II double field theory
has not yet been constructed, but we strongly suspect that it exists. In fact, the approach of
Siegel, which is equivalent to the NS-NS sector of double field theory, is already formulated
in superspace, thereby establishing N = 1 supersymmetry [7]. Moreover, the recent work [12]
presents a rewriting of the N = 2 fermionic terms and supersymmetry variations in the context
of generalized geometry. While this does not yet prove the existence of an N = 2 supersym-
metric extension of double field theory, since the coordinates are not doubled in generalized
geometry, it provides strong evidence. These matters are currently under investigation.
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A Proof of the gauge algebra
Here we prove that the gauge transformations (2.30) close according to (2.36), using only the
weaker constraint (2.31). We compute[
δξ1 , δξ2
]
χ = δξ1
(
1
2Γ
NΓMξ2N∂Mχ
)− (1↔ 2)
=
1
4
ΓNΓMΓPΓQξ2N∂M
(
ξ1P ∂Qχ
)− (1↔ 2) . (A.1)
Let us work out structures with ∂χ and ∂2χ separately. Consider
1
8
ΓNΓMΓPΓQξ2Nξ1P∂M∂Qχ =
1
8
(
ΓPΓQΓNΓM + [ΓNΓM ,ΓPΓQ]
)
ξ2Nξ1P∂M∂Qχ
=
1
8
(
ΓPΓQΓNΓM − 2(ηMPΓQN + ηNQΓPM)) ξ2Nξ1P∂M∂Qχ , (A.2)
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where we used the constraint (2.31) for χ and the symmetry in M,Q. If we antisymmetrize in
1↔ 2 and use the symmetry in M,Q, we infer that the term on the left-hand side in the first
line is minus the first term in the second line. Similarly, upon antisymmetrization 1 ↔ 2, the
final two terms in the second line are equal. Rearranging terms, we thus get
1
4
ΓNΓMΓPΓQξ2Nξ1P∂M∂Qχ− (1↔ 2) = 1
2
ΓMΓP ξN2 ξ1P∂M∂Nχ− (1↔ 2)
=
1
2
ΓM∂M
(
ξN2 Γ
P ξ1P∂Nχ
)− 1
2
ΓMΓP∂M
(
ξN2 ξ1P
)
∂Nχ− (1↔ 2) ,
(A.3)
where we used in the first equality that a term with ηMP is zero by the antisymmetry 1 ↔ 2.
The first term in the second line takes the form of a field-dependent λ gauge transformation.
We turn now to the terms proportional to ∂χ in (A.1),
1
4
ΓNΓMΓPΓQξ2N∂Mξ1P∂Qχ =
1
2
ΓPΓQξM2 ∂Mξ1P∂Qχ−
1
4
ΓMΓNΓPΓQξ2N∂Mξ1P∂Qχ , (A.4)
where we used the Clifford algebra for ΓNΓM . The first term on the right-hand side takes the
form of a ξM gauge transformation (2.30). The second term can be re-written as
−1
4
ΓMΓNΓPΓQξ2N∂Mξ1P∂Qχ = −1
4
ΓM
(
ΓQΓNΓP + [ΓNΓP ,ΓQ]
)
ξ2N∂Mξ1P∂Qχ
= −1
4
ΓMΓQΓNΓP ξ2N∂M ξ1P∂Qχ+
1
2
ΓM
(
ηQNΓP − ηQPΓN)ξ2N∂Mξ1P∂Qχ . (A.5)
Antisymmetrizing 1↔ 2, the last term in the second line gives
1
2
ΓMΓP ξN2 ∂Mξ1P∂Nχ−
1
2
ΓMΓNξ2N∂Mξ
P
1 ∂Pχ− (1↔ 2)
=
1
2
ΓMΓP∂M
(
ξN2 ξ1P
)
∂Nχ− (1↔ 2) ,
(A.6)
which cancels against the same structure in (A.3). The first term in the second line of (A.5),
antisymmetrized in 1↔ 2, can be simplified as follows
−1
4
ΓMΓQ
(
ηNP + ΓNP
)(
ξ2N∂M ξ1P − ξ1N∂Mξ2P
)
∂Qχ
= − 1
4
ΓMΓQΓNP∂M
(
ξ2Nξ1P
)
∂Qχ− 1
4
ΓMΓQ
(
ξN2 ∂M ξ1N − ξN1 ∂Mξ2N
)
∂Qχ .
(A.7)
The second term is of the form of a ξM gauge transformation. Commuting gamma matrices
and using the weak constraint, the first term can be rewritten as a λ gauge transformation,
−1
4
ΓM∂M
[(
ΓNPΓQ + 2
(
ηQNΓP − ηQPΓN))ξ2Nξ1P∂Qχ]
= −1
2
/∂
[(
/ξ2/ξ1 − /ξ1/ξ2
)
/∂χ
]
− 1
2
ΓM∂M
[(
ξN2 Γ
P ξ1P − ξN1 ΓP ξ2P
)
∂Nχ
]
.
(A.8)
The second term in here cancels against the the first term in (A.3).
Summarizing, the surviving structures are the ξM gauge transformations in (A.4) and (A.7)
and the λ transformation in (A.8), combining into[
δξ1 , δξ2
]
χ =
1
2
ΓPΓQ
(
ξM2 ∂Mξ1P −
1
2
ξM2 ∂P ξ1M − (1↔ 2)
)
∂Qχ+ /∂λ , (A.9)
with the λ parameter (2.38). Thus, the gauge algebra closes as stated in (2.36).
18
References
[1] C. Hull, B. Zwiebach, “Double Field Theory,” JHEP 0909, 099 (2009). [arXiv:0904.4664
[hep-th]],
“The Gauge algebra of double field theory and Courant brackets,” JHEP 0909, 090 (2009).
[arXiv:0908.1792 [hep-th]].
[2] O. Hohm, C. Hull and B. Zwiebach, “Background independent action for double field
theory,” JHEP 1007 (2010) 016 [arXiv:1003.5027 [hep-th]].
[3] O. Hohm, C. Hull and B. Zwiebach, “Generalized metric formulation of double field the-
ory,” JHEP 1008 (2010) 008 [arXiv:1006.4823 [hep-th]].
[4] O. Hohm, S. K. Kwak, “Double Field Theory Formulation of Heterotic Strings,” JHEP
1106, 096 (2011). [arXiv:1103.2136 [hep-th]].
[5] O. Hohm, S. K. Kwak, B. Zwiebach, “Unification of Type II Strings and T-duality,”
[arXiv:1106.5452 [hep-th]].
[6] O. Hohm, S. K. Kwak, B. Zwiebach, “Double Field Theory of Type II Strings,”
[arXiv:1107.0008 [hep-th]].
[7] W. Siegel, “Superspace duality in low-energy superstrings,” Phys. Rev. D 48, 2826 (1993)
[arXiv:hep-th/9305073],
“Two vierbein formalism for string inspired axionic gravity,” Phys. Rev. D 47, 5453 (1993)
[arXiv:hep-th/9302036].
[8] A. A. Tseytlin, “Duality Symmetric Formulation Of String World Sheet Dynamics,” Phys.
Lett. B 242, 163 (1990); “Duality Symmetric Closed String Theory And Interacting Chiral
Scalars,” Nucl. Phys. B 350, 395 (1991).
[9] S. K. Kwak, “Invariances and Equations of Motion in Double Field Theory,” JHEP 1010
(2010) 047 [arXiv:1008.2746 [hep-th]],
O. Hohm, S. K. Kwak, “Frame-like Geometry of Double Field Theory,” J. Phys. A A44,
085404 (2011). [arXiv:1011.4101 [hep-th]],
O. Hohm, “T-duality versus Gauge Symmetry,” arXiv:1101.3484 [hep-th],
O. Hohm, “On factorizations in perturbative quantum gravity,” JHEP 1104, 103 (2011).
[arXiv:1103.0032 [hep-th]].
[10] P. West, “E11, generalised space-time and IIA string theory,” Phys. Lett. B 696, 403 (2011)
[arXiv:1009.2624 [hep-th]].
A. Rocen and P. West, “E11, generalised space-time and IIA string theory: the R-R sector,”
arXiv:1012.2744 [hep-th].
[11] D. C. Thompson, “Duality Invariance: From M-theory to Double Field Theory,”
[arXiv:1106.4036 [hep-th]].
[12] A. Coimbra, C. Strickland-Constable, D. Waldram, “Supergravity as Generalised Geome-
try I: Type II Theories,” [arXiv:1107.1733 [hep-th]].
19
[13] D. S. Berman and M. J. Perry, “Generalized Geometry and M theory,” arXiv:1008.1763
[hep-th].
D. S. Berman, H. Godazgar and M. J. Perry, “SO(5,5) duality in M-theory and generalized
geometry,” Phys. Lett. B 700, 65 (2011) [arXiv:1103.5733 [hep-th]].
[14] I. Jeon, K. Lee and J. H. Park, “Differential geometry with a projection: Application to
double field theory,” JHEP 1104 (2011) 014, arXiv:1011.1324 [hep-th],
“Double field formulation of Yang-Mills theory,” arXiv:1102.0419 [hep-th],
“Stringy differential geometry, beyond Riemann,” arXiv:1105.6294 [hep-th].
[15] N. B. Copland, “Connecting T-duality invariant theories,” [arXiv:1106.1888 [hep-th]].
[16] D. Andriot, M. Larfors, D. Lust, P. Patalong, “A ten-dimensional action for non-geometric
fluxes,” [arXiv:1106.4015 [hep-th]].
[17] L. J. Romans, “Massive N=2a Supergravity in Ten-Dimensions,” Phys. Lett. B169, 374
(1986).
[18] I. Schnakenburg and P. C. West, “Massive IIA supergravity as a nonlinear realization,”
Phys. Lett. B 540, 137 (2002) [arXiv:hep-th/0204207].
[19] A. Kleinschmidt and H. Nicolai, “E(10) and SO(9,9) invariant supergravity,” JHEP 0407,
041 (2004) [arXiv:hep-th/0407101].
[20] M. Henneaux, E. Jamsin, A. Kleinschmidt and D. Persson, “On the E10/Massive Type IIA
Supergravity Correspondence,” Phys. Rev. D 79 (2009) 045008 [arXiv:0811.4358 [hep-th]].
[21] E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos, P. K. Townsend, “Duality of
type II 7 branes and 8 branes,” Nucl. Phys. B470, 113-135 (1996). [hep-th/9601150].
[22] I. V. Lavrinenko, H. Lu, C. N. Pope, K. S. Stelle, “Superdualities, brane tensions and
massive IIA / IIB duality,” Nucl. Phys. B555 (1999) 201-227. [hep-th/9903057].
[23] M. Fukuma, T. Oota and H. Tanaka, “Comments on T-dualities of Ramond-Ramond
potentials on tori,” Prog. Theor. Phys. 103 (2000) 425 [arXiv:hep-th/9907132].
[24] E. Bergshoeff, C. M. Hull, T. Ortin, “Duality in the type II superstring effective action,”
Nucl. Phys. B451, 547-578 (1995). [hep-th/9504081].
[25] J. Scherk, J. H. Schwarz, “How to Get Masses from Extra Dimensions,” Nucl. Phys. B153,
61-88 (1979).
[26] C. M. Hull, “Timelike T duality, de Sitter space, large N gauge theories and topological
field theory,” JHEP 9807 (1998) 021. [hep-th/9806146].
20
